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r i
Q =)  N( A — + — S~ p ) d t +) N(f1,~ — + S p ) d t -

I +
N[5

(f _ 
~~ X +  S p ) d t + (h + w o ) 0 + (g +~~~~ )

1] 
l

L
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 16)

For the exact optimal solution , one must have

F P O ~, Q= O. (17)

F For an approximation to the optimal solution, the following

relations are to be satisfied:

E
~~ ~l 

‘ Q .~ k~~~ (18)

L where and are small , preselected numbers. —

I
H’

I
I 

I

I
I 
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3. Description of the Algorithm

The technique employed is charac terized by a sequence of

two—phase cycles, composed of a conjugate gradient phase and

a restoration phase. These phases are described below.

The conjugate gradient  phase is started only when the

constraint error p satisfies Ineq . (18—1). It  involves a

single i teration, which is designed to decrease the value of

the funct ional  I or the augmented functional J, while the

constraints are satisfied to first order . During this itera-

tion , the first variation of the functional I is minimized ,

subject to the l inearized constraints. The minimiza t ion  is

performed over the class of variations of the control u(t) and

the parameters ~ and z(0) which are equidistant from some con-

stant multiple of the corresponding variations of the previous

conjugate gradient phase.7

The restoration phase is started only when the constraint

error P violates Ineq . (18-1). The restoration phase involves

one or more iterations . In each restorative iteration , the

objective is to reduce the constraint error P, whi le  the

constraints are satisfied to first order and the norm squared

7The sequence of coniu gate gradien t phases generated by the
algorithm is such that , for the special case of a quadratic
functional subject to linear constraints , various orthogonal-
ity and conjugacy conditions hold (see Section 6).
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of the variations of the control u(t) and the parameters ii

- and z(O) is minimized . The restoration phase is terminated

L whenever Ineq . (18-1) is sat isf ied.
I A complete conjugate gradient—restorat ion cycle is de-

l’
signed so that the value of the functional I decreases,while

the constraints are satisfied to the accuracy (18-1) both at

-- the beginning and at the end of the cycle. Finally, the al-

gorithm as a whole is terminated whenever Ineqs. (18) are

- I satisfied simultaneously.

3.1. Remark. During each conjugate gradient iteration

or restorative iteration , use of nonlinear equations must be

avoided . Therefore, the exact feasibility equations (2)—(6)

1. are replaced by their corresponding linearized approximations.

These linearized approximations do not include forcing terms

in the conjugate gradient phase, while they do include forcing

terms in the restoration phase.

3.2. Notation. For any iteration of the conjugate

gradient phase or the restoration phase , the following termi—

t rtology is adopted~ x ( t ) , u ( t ) , it denote the nominal functions ;

~c ( t ) ,  ü ( t ) ,  Ii denote the varied functions ; and A x ( t ) , A u ( t ) ,

[ Ait denote the displacements leading from the nominal functions

to the varied functions. These quantities satisfy the relations

~c ( t )  = x ( t )  + A x ( t ) ,  ü ( t )  = u ( t )  + A u ( t ) ,  = ii + Mi . (19) 

_ _ _ _ _ _ _ _ _ _ _ _- ~~~~~~~ ‘~~~~~-- ~~~--—— --—“- —~~~~ .-.~~~~~~ -~~~— ~~~~~~~~~~~~~~~ —~~~~~~— - - - , - ~~~~‘
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Because the vector x is partitioned into y and z, Eq. (19-1)

implies that

~ (t) = y(t) + Ay(t), ~(t) = z(t) + A z ( t ) . (2 0 )

Let a be a positive number representing the stepsize .

(either the conjugate gradient stepsize or the restoration

stepsize) . Then , we define the displacements per unit step- 
-

size as follows:

A C t )  = A x ( t ) / a , B ( t)  = A u ( t ) / c t , C = A i ’i / a . ( 21)

The vector A is partitioned into vectors D and F associated

with y and z, respectively. Therefore , Eq. (21-1) implies

that

D(t) =Ay(t)/c*, E(t) =Az(t)/c*. (22)

Upon combining (19)—(20) with (21)—(22), we see that

~c(t) = x(t) + c t A (t )  , ü ( t )  = u ( t )  + ciB(t) , = it + ctC, (23)

~ (t) =y(t) +aD(t) , ~(t) =z(t) +aE(t) . (24)

3.3. Desired Properties. The functions Ax(t), Au(t) , —

-

~~ 

\n must be determined so as to produce some desirable effect

at every iteration , namely, the decrease of the func tionals

- - I, and/or J, and/or P. Thus, the following descent properties

are required :

i—- - -— —~~~ -- - 
~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I’ I, and/or 3 ~- 3, and/or P -‘ P, (25)

where I, 3, P are associated with the nominal functions and

I, J, P are associated with the varied functions . In turn ,

the functions A (t), B(t), C are chosen so that

~,SI ‘- 0, and/or ~~~~~~ 0 , and/or ~SP ‘~ 0 , ( 2 6 )

whe re the symbol ~~( . . . )  denotes the first variation. Then,

- 

by choosing the stepsize a sufficiently small , the satisfac—

- 
tion of relations (25) is guaranteed . Ineqs. ( 2 5 — 1 ) ,  ( 2 5 - 2 )

and ( 2 6 — 1 ) ,  ( 2 6 — 2 )  charac terize the conjugate gradient phase ,

while Ineqs. ( 2 5 — 3 )  and ( 2 6 — 3 )  characterize the restorat ion

phase.

3 .4 .  F i rs t  Varia t ions .  Next , we g ive the expressions

[ for the first variations of the furtctionals I, J, P; after

I 
simple manipulations, omitted for the sake of brevity , they

take the form8’9

SI/ = 
~l 

(f~A + f TB + f~ C) d t + (h ~ E + h~C)0 + (q~A + q~~C) 
~ 
, (27)

1
I 

_ _ _ _ _ _ _ _ _

I 8lmplicit in Eqs. (27)—(29) is the assumption D(0) = 0.

9The first variation of the augmented functional 3 is computed

I by varying the functions x(t), u(t), ~i ,while holding themultipliers A (t), ~‘(t), a ,~~i unchanged .

I

_ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  

ii
_ _ _ _ _ _ _ _ _  - --—‘ —~~~~-



F r

H
14 AAR—145

and

= (— ~ + 
~x 

- 

~x
X + S~~~) TAd t ÷  (f e — ~~ A + S p ) TBdt

( f ~ —~~~ \ + S ~ P ) d t + (h 1~ + u t ~ a) 0 + (q
it

+
~~~

I
~~~~

l )
l 1 C

+ [~_ :. + h Z + u I Z C ) T
E]  + [ ( \ + g ~~+~~I~~t ) ~~A ]  (2 8 )

and

~P/2ct = ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 
[

~~~~
T

(~~~
T

A +  q
T

C )]  . ( 2 9 )

3.5. Remark. For the purpose of this report, Eqs. , —

(27)- (29) must be completed by one of the following relations : ‘

K/a 2 = BT
Bdt + cTc + (E TE) 0, ( 3 0 )

or

= j (B_ ) T (B_ ) d t+ (C_y~~) T (c_y ÷ [(E_ ~~~) T (E_y~~) ] ,  (3 1)

- 

— — — ‘-  

- -s

-- — -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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L

which constitute a measure of the overall change of the con—

troi, u(t) and the parameters it and z(0). Equation (30) is —

employed in the restoration phase, and Eq. (31) is employed

in the conjugate gradient phase. In Eq. (31), the functions
-
~ A~t), B(t), C pertain to the present conjugate gradient phase ,

and the functions A(t), B(t), C pertain to th~ previous con-

- 
jugate gradient phase. The symbol ‘

~ denotes a scalar, non-

negative quantity , called the directional coefficient. Its

specification is discussed in Section 6

S.

I H

I
I 

-~~~~~~~_ :  - ~~~~~~~~~ - —~~~— - - ~~~- - — - --~~~~
-- - - 

______
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4. Restoration Phase

4.1. Linearized Equations. Let x(t), u(t), it denote

nominal functions satisfying (4), but not necessarily (2)-(3) .
~~ I

and (5)—(6). To first order , the perturbations per unit

stepsize A(t), B(t), C must satisfy the linearized constraint

equations

O < t < l , (32)

S
~
A + S

~
B+S

~
C+S 0, O < t < l , (33)

0 ( 0 )  = 0 , ( 3 4 )

(wTE + w ~
’C + ~~)0 = 0 , (3 5 )

( A + ~~~C + ~~) 1 = 0 .  (36)

4 . 2 .  Descent Property. The l inearized equations

( 3 2 ) — ( 3 6 )  admit an in f in i t e  number of solutions , each of

which is characterized by a descent property in the constraint  I
error P. This descent property can be seen by combining ( 2 9 )

with (32)—(36): the first variation of P becomes

~P~~~— 2 a P .  ( 37)

r~

I
-
—-—i-;-- ,~-.~~~~~ --z--..i
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I 

Since P ~ 0, Eq. (37) shows that tSP < 0; hence, for a suf fi-

ciently small , a decrease in the constraint error P is guar-

anteed .

4.3. Special Variations. Among the infinite number of

-i 
solutions of Eqs. (32)—(36), the one tha t minimizes the

- functional ~30) is selected . Thus, we seek the minimum of

the quadratic functional (30), with respect to the functions

A(t), B(t), C which sat isfy  the l inearized constraints

•- (32)— (36).

By applying standard techniques of optima l control theory

or calculus of variations; the following optimality conditions

are obtained:

L

0 < t < l , (3 8)

£ .  1
C = 1 ( ~~~

A _ S p ) d t _ 
~o) o ~~~~~

• E ( 0) = (~ - W z G) O~ (4 0)

A + 4 ~~A — S p = 0 , 0~ z t < l , (41)

t ~~‘~
‘x~~ l 

=0. (42)

I I H
Summarizing , we seek functions A ( t ) , 13( t ) ,  C and mul t i pliers

L I
Ic 

--
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\ ( t ) ,  ~- ( t), ~~~, ~ which sa t i s fy  the l inearized constraints J
(32)—(36) and the optirnality conditions (38)—(42). 

-

4.4. Linear , Two-Point Boundary-Value Problem. The -

technique used to solve the LTP-BVP (32)-(36) and (38)-(42) I
is a forward integration scheme in combination with the method 

-

of particular solutions (Refs. 6—8). The technique requires

the execution of n ÷ p + 1 independent sweeps of the differen-

tial system (32)-(36) and (38)—(42), each characterized by a

different value of the (n + p)-vector w , whose components are

the n components of the initial multiplier \(0) and the p

components of the parameter C. 
-

The generic sweep is started by assigning particular

values to the components of w,  that is , the components of the 
-

vectors X (0) and C. With A (0) known , t~(0) is known . There-

fore , Eqs. (35) and (40) constitute a system of b+c linear - -

relations in which the unknowns are the b ± c components of -

the vectors E(0) and a. For this system to have a unique

- 

- solution, the following disequation mus t hold :’°

det T~ ~~0 .  (4 3)
L z z j0

10Disequa tion (43) is obtained from (35) and (40) after elimin-
ation of E(0). The resulting linear equation in a admits a
unique solution providing (43) is satisfied. 

-

Si

it
- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

iI
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With E(0) known and because of ( 3 4 ) ,  the vector A ( 0 )  is known .

Then , A ( t )  and A(t) together with B(t) and p(t) are obtained

by forward integration of (32 )  and ( 4 1 ) ,  subject to (33) and

(38) . Note that , at each time station t , 0 < t < l , Eqs. (33)

and (38) constitute a system of m + k linear relations in which

H the unknowns are the m + k  components of the vectors B (t )  and

p ( t ) . For this system to have a unique solution, the follow-

ing disequation must ho1d:~~

det [S
T
S]~~0, 0< t < l .  (44)

As a result of the procedure , the sweep is completed : for the

arbitrary value assigned to w, it leads to the satisfaction of

all of the equations of the system (32)—(36) and (38)-.-(42),

except Eqs. (36), (39), (42).

In order to satisfy Eqs. (36), (39), (42) and because

the systt~m (32)-(36) and (38)-(42) is nonhomogeneous , n + p + l

independent sweeps must be executed employing n + p + 1 dif fer-

ent vectors w1, i = l ,...,n+p +l. The first n+p sweeps are

performed by choosing the vectors w1 ~~~~~ 
to be the

columns of the identity matrix of order n+p. The last sweep

11-•  Disequation (44) is obtained from (33) and (38 )  after elim-
ination of B(t). The resulting linear equation in p(t)[ admits a unique solution providing (44)  is satisfied .

his - ~-_~_a._-~,---_ ’,--__ —---- - - — —---~— -~~•-
-- 

~ ‘-‘~~~~~
-
~ 

— ~~~___&__,_ —~~ •---  ~~~~~ — -- ——‘ —- - -- --- —~ - -
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is executed by choosing ~~~~~~~~ to be the null vector. As

a result, one generates the functions and mul tipliers

A1(t), B1(t), C ,A
~~
(t), ~~ (t)~ o~ , i = l  , n+ p +l . ( 4 5 )

Now, we introduce the n +p+ l undetermined, scalar con-

stants k
~ 

and form the linear combinations

A ( t ) = Ek
~
A
~
(t), B(t) = ~k~B.(t), C= Ek

~
C
~ 
, ( 4 6 )

A Ct )  = ~~~~~ 
(t )  , p (t )  = ~~~~~ (t), o = Ek~ o~ , ( 4 7 )

where the summations are taken over the index i. The n + p + l

coefficients k
~ 

and the q components of the multiplier ~ are

obtained by forcing the linear combinations ( 4 6 ) - ( 4 7 )  to sat-

isfy Eqs. (36), ( 3 9 ) ,  ( 4 2 ) ,  together with the normalization - -
condition (Ref. 6)

~k. = l .  (48)
1.

Once the constants k~ are known, the solution of the LTP-BVP

(32)—(36) and (38)—(42) is given by (46)—(47).

4.5. Restoration Stepsize. With the functions ACt) ,

B(t), C known, the one-parameter family of varied functions

(23) can be formed. For this one-parameter family, the con-

straint error (15) becomes a function of the form

_____  ____ --  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

____________
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P=P (ct) . (49)

L Then , the stepsize a must  be selected so that the fol lowing
- h relat ions are sat isf ied:

~ 1 —- - . P(a) P(0) , 1 (a) -s 0. (50 )

Satisfaction of Ineq . ( 5 0 — 1 )  is possible because of the des-

cent property of the restoration phase . m eg. (50—2) is

required for  problems wi th  f ree  f i n a l  time .

In order to achieve sa t i s fac t ion  of (5 0)  , a b i s e c t i on

process is ~ipp1ied to th~ res torat ion s tep size a , s t a r t i ng

from the re fer enc e  stepsize a0 = 1. This reference stepsize

has the property of y i e l d i ng  one—step res tora t ion  foi’ t he  case

where the constraints (2)—(6) are l inear .

4.~~. Iterative Procedure for the Restoration Phase.

L The descent property ( 3 7 )  of the res tora t ion  phase guarantees

satisfaction of m eg. (50—1) at the end of any i t e ra t ion , but

not satisfaction of Ineq . (18—1). Therefore , the res tora t ion

[ algorithm must be employed iteratively until Tneq . (18—1) is

satisfied . At this point , the restoration phase is tormina—

ted . 
-

I

• -~~ • -~ —.-  —----—~ S- “
~
‘• 

~~~~~~~~~~ 
--  - -
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5. Conjugate Gradient Phase: General Case

5.1. Linearized Equations. Suppose that nominal func-

tions x(t), u(t), ii are available, which satisfy (2)—(6). To

first order , the perturbations per unit stepsize Mt), B(t), I -

C must satisfy the linearized constraint equations

0 - s t < l , (51)

S~A + S~B+S~C = 0 , 0 < t < l , (52)

0(0) = 0 , (53)

(w~E+w ~
’C)0= 0, (54)

(~p TA + ~ ,TC) = O  ( 55 )

5.2. Special Variations. Among the infinite number of

solutions of Eqs . ( 5 1) — ( 5 5 ) ,  the one that minimizes the func-

tional ( 2 7 )  is selected . Thus , we seek the minimum of the

linear functional (27), with respect to the functions ACt) ,

B(t), C which satisfy the linearized constraints (5l)-(55)

and the quadratic isoperimetric constraint (31).

By applying standard techniques of optimal control theory

or calculus of variations, the following optimality conditions

Si
F

~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~— .- -~~-~~~~~~~~ • • -~~~ -~~--•--•- -
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are obtained:12

B=YB _ (fu
_ 4

~u
A + S uP)~ 

0 < t < l , (56)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (57)

E ( 0) = y E ( 0 ) — ( - - ~~+ he -f u~~
a) 0, (58)

is
A — f  +~~~ X — S p = 0 , 0 < t < 1 , (59)

- •  
(A + g + i p p ) 1= O .  (60)

[ Summarizing , for a given value of the directional coefficient

y, we seek functions A(t), B(t), C and multipliers A(t), pCt) ,

a , p which satisfy the linearized constraints (51)-(55) and

the optimality conditions (56)-(60).

1. 5.3. Isoperimetric Constraint. In the light of ( 5 6 ) — ( 6 0 ) ,

- the error in the optimality conditions (16) reduces to

[ Q ¶
(B_y~~)

T (B_yfi) dt+ (C_yC) T (C_YC) + [(E_y ~~) T (E_ y~~)] 0 .  (61)

I 

121n Eqs . (56)—(60), the multiplier v associated with the
isoperimetric constraint (31) is set at the level 2v=l .

I

________________________________________________________________ —
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Consequently, the following relation ties the isoperimetric H
constant, the stepsize, and the error in the op t imal i ty  con-

ditions :

• K = c *2Q .  (6 2 )

Clear ly ,  to assign va ) ues to the isoperimetr ic  constant I
is the same as assigning va~ ues to the stepsize. However ,

there is no clear-cut way of determining a priori convenient

values for the isoperimetric cons tant .  Therefore , the imple-

mentation of the conjugate  gradient  a lgor i thm becomes simpler

if one avoids evaluating ‘a in terms of K through (62) and

assi gns values to a directly.

5.4. Descent Property. When the variations defined by

(51)-(60) are employed , the first variation of the augmented

functional (28) becomes

= -a (Q + ~Z), (63)

where Q is given by (61) and

( B _ ~~~~) T
~ d t +  (C_ ,Y~ )

Tc+[(~
f _ ,

~E)Tl~IQ . (64)
0 :1

For the first iteration of the conju gate q radient  phase ,

one sets

( 65 )  H

- — -------.ii; _ 
.— ——•.‘- — ~~~~~~~~~~~~~
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with the implication that

~ —aQ • t 6 6 )

Since Q 0 , Eq. C ~ 6) shows that ~~~~ 0 . Hence , for a su t f i —

- ciently sinai 1, it is g u a r a n t e e d  tha t  the augmented  t u n c t  iona 1

J decreases.

For subsequent i terat ions , one set s ~ ~~ 0 . More spec i f i —

cally, the directional coefficient must be such that

9, ( p 7 )

- and its proper va lu e  i s  discussed in  ~ect :ion  (~ . At a ny r a t e ,

Eq. (63) shows that ~J 0 providing

Q + ~~ Z ” 0 .  (~ 8)

- Hence , for  a s u f f i c i e n t l y  sina i 1, i t  is guaranteed that t h e

augmented func t iona l  J decreases as long as m eg . (~~~) is

sa t i s f ied. If  m eg . (68)  is v io l a t ed , t h e  descent prope r t y

on J no longer holds , and the con j u g a t e  gradient phase must

I . be restarted by rese t t ing  the d i rec t i o na l  coefficient ~ a t  t he

level C 65).

L 5.5. Linear, Two—Poin t  Boundary-Value Problem. For a

[ g iven value of the directional c o e f f i c i e n t  ~ - , the techni que

used to solve the LTP-BVP (~ 1) - ( 6 0 ) , associated wi th the con-

[ j ugate gradien t phase , is analogous to that described for the

E
~ 

1•
L 

—-—~~•-—~~~ -.--— -- — — - - - -—-- -- — — ---- _____ _~_ _ _ • _______i —. ---- . -——- — - -~~ - ---- ‘.---- ~~~---~ - -— - -~~~~~~~• -— —~-~~~— - - --- -- --~----~~
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restoration phase (see Section 4.4); hence, it is not re-

peated , for the sake of brevity.

5.6.  General Solution, Next , assume that two particu—

lar values are given to the directional coefficient y, for

ins tance ,

and ‘
~-~~~

= l .  (69)

Denote by

A~~(t )  , B~~(t )  , C~ , \~ (t) ~~ 
(t) , O~~ 

(7 0 )

and

~~~ ( t),  B~~ Ct), C~~, ~~~ 
(t), p~~~( t), ~~~~~~~~ (7 1)

the par t icular  solutions of the LTP—BVP (5l)-(60) correspond—

ing to (69-1) and ( 6 9 - 2 ) ,  respectively. Simple manipulat ions,

omitted for the sake of brevity, show that the general solu-

tion of (5l)-(60), valid for any value of the directional

coeff ic ient  y ,  can be written as

A (t) =A ~ (t) +~~(A~~ (t) — A ~ (t)J , ( 7 2 — 1)

B (t )  = B ~~
(t) + y [ B ~~~~~

(t)  — B
~~

(t) ) , (72-2)

(72—3)

ii

~ 

- - 
~~~~~~~~~~~~~~~ 

-- - —-
~~~~

- - .•
~~~~~~~~

—
~~

•
~~ .,- - ~~~~~~~~

-
~~~~~~~~~~~~~~

• - - -
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and

• A ( t )  = A~ (t )  + y [A ~~ (t) 
— A~ Ct)], (73—1)

p(t) = 
~~~~ 

(t )  + i [p~~~(t) 
— p

~~
(t ) ] , (73—2)

( 7 3 — 3 )

( 7 3 — 4 )

L
As a conclusion, the general solution of (51)-(60) requires

that two sets of n +p + l  sweeps be executed , one leading to

the particular solution (70) and one leading to the particu-

lar solution (71).

5.7. Stepsize and Directional Coefficient. With the
a

functions A(t), B(t), C known , the following two-parameter

I family of varied functions can be formed:

I ~~(t)  = x ( t )  +a {A * ( t) + y [ A ~~~( t) -A ~~( tf l}  , (74-1)

I ü ( t )  = u ( t )  +~~{B~~( t ) + y [B~~~(t )  -B ~~(t ) ]~~ , (74 -2)

I ~~~~~~~~~~~~~~~~~~~~~~~~~ 
. (74—3)

I On the other hand, the multipliers A (t),p(t) , a,p form the

I one-parameter family (73). Upon using (73) and ( 7 4 ) ,  we see

that the augmented functional (8) takes the form

I

-- -- - - -  ~~~~ -—- . - -- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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J=J(a ,y) . ( 75 )

Therefore , the optimum values of a and y satisfy the relations

— Ja (a , ’y )  = 0 , (a ,~~) = 0 . ( 7 6 )

Since the simultaneous determination of a and ~ mi ght be

be expensive computational ly ,  we proceed in a different way .

First, we determine an approximate value of the directional

coefficient ‘~~, based on the consideration of the linear-

quadratic model (Section 6). Once ~ is known , the two-

parameter family (75) reduces to the one-parameter family

(7 7)

Then , the optimum stepsize a satisfies the relation

J (a)  = 0 , C 7 8 )

whose numerical solution can be obtained using quadra tic in-

terpolation or cubic interpolation (Ref. 9).

I t

SI 

— 
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•

4 - -

6. Conj~ gate Gradient Phase : Linear-Quadratic Case -

[ In the previous section , we analyzed the conjugate

gradient phase in general , regardless of the analytical form -

I of the functional (1) and the constraints ( 2 ) - C 6 ) .  In this

L section , we consider the linear-quadratic case , that is , the -

case where the functional (1) is quadratic and the constraints -.

(2)—(6) are linear .

6.1. General Solution . Under the assumption of linear -

I constraints, it can be verified that the particular solutions

(70) and (71) satisfy the relations

A~~~( t ) — A ~~C t )=  £Ct ) ,  B~~~( t ) — B ~ (t ) =  ~ (t ) ,  C~~ — C~ =C , (79) -

I A~~~( t ) — A ~~(t ) =  0 , p~~~(t )— p~~(t )=0 , a.~~— a~~=0 , p~~~— p~~= 0  . (80)

I 
As a consequence , Eqs. (72)-(73) reduce to

I ACt ) =A~
(t) +yA(t) , B (t)=B~~(t) +yB(t), C= C~+yC , (81) 

-
-

A (t)= A , Ct), p (t)= p
~ 
(t), a = a~ ~ u = . ( 82 )

This means that the general solution of the LTP-BVP (5l)-(60)

can be obtained by executing only one set of n + p + l  sweeps,

namely , the set of sweeps leading to the solution (70). By

the way, this is the solution corresponding to (69-1), namely ,

the solution associated with the ordinary gradient phase of Ref. 5.

_ _  ---~~--  ~ - 
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6 . 2 .  Local Orthogonality Conditions. Under the assump-

tion of linear constrain ts, the two-parameter family (74)

simplifies to

5c(t )  = - x ( t )  + a ( A ~~(t) -i- y~~( t ) 1 ,  (83—1 )

ü ( t )  u (t ) + ct(B~ (t) + y~~(t) 1, (83—2)

* =
~~~+ a(C~~

+ ya) . ( 83— 3)

On the other hand, the multipliers X ( t ) , p ( t ) , a , p are given

by Eqs. (82). Upon using (82) and (83), we see that the

augmented functional (8) still takes the form (75). Hence,

the optimum values of a. and y still satisfy the relations (76) .

After laborious manipulations, omitted for the sake of

brevity , Eqs. (76) lead to the following local orthogonality

conditions:

~~~~ Bdt+C~C+ (~~ E)0=0 , (84-1)

~~~~~dt+~~~~ + ~~o~~~~’ 
(84-2)

with the implication that

i~B~dt + ~~C~+ (~~ E~ )0 = 0. (84-3)

b. _ j__ -

~ ~~~ ‘ 4 ~
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I ‘ Here , the adjective local is employed to mean that Eqs. (84)

involve vectors B ( t ) , C, E(0) which are solutions of (5l)-(60)

computed for the present iteration and the previous iteration;

I ~ they also involve vectors B~~(t), C~ , E~~(0) which are solutions

— of ( 5 l ) - C 6 0 )  for y = 0  computed for the present iteration and

the next i teration.

6.3 .  Local Conjugacy Condition. Let w ( t )  and M ( t )

denote the vectors

I” 
x(t) A ( t )

w ( t )  = u ( t )  
, 

M ( t )  = B ( t )  . (85)

it C

Let f~~~, g~~~, h~~ denote the Hessian matrices of the functions

f,g,h with respect to the vector w. With this notation , and

I under the assumption of linear constraints and quadra tic

func tional , Eqs. (76) lead to the following local conjugacy

I condition :

1

I ~~~M
Tf~~Mdt ÷ (M

Th~~M)0 + (M
Tg~~M)1 0. (86)

Here , the adjective local is employed to mean that Eq. (86)

I involves vectors M(t), that is, vectors A(t), 8(t), C,which

are solutions of (5l)—(60) computed for the present iteration

and the previous iteration.

I
H 

—. —~~-- - - -~~~
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6 . 4 .  Stepsize and Directional Coeff ic ient .  After

observing that

M (t) =M~ (t) +- yM(t), (87)

and after accounting for Eqs. C84) and (86), it can be shown

that the optimal values of y and a are given by

y = Q / Q  , a=Q/R , ( 88)

where

1
Q =  

~~ ~~~~~~~~~~~~~~~~~~~~~~ , (89-1)

Ô =  ~~~ d t+ ê ~ ê~~+ (
~~~~~~*~~~~~‘ 

(89-2)

R = ~ MTf~~ Mdt + (M Th~~ M) 0 + (MTg M ) . (89—3)

Clearly, the optima l directiona l coeff icient y is the

ratio of the error in the optimality condi tions Q for the

present conjugate gradient iteration to the error in the

optimality conditions Ô for the previous conjugate gradient j
iteration. These quantities are known, since they involve

vectors B~~(t), Ce,,, E~ (0) which are solutions of (51)—(60) for

y = 0 computed for the present iteration and the previous

iteration

_ _ _ _ _
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With ‘y~ known , the vector M(t) is computed with (87) and

the scalar quantity R is computed with ( 8 9 - 3 ) .  Then , the

optima l stepsize cc is evaluated with ( 8 8 - 2 ) .  Clearly, the

optimal stepsize cc is the ratio of the error in the optima l-

ity conditions Q to the scalar quantity R, which constitutes

a measure of the curvature of the functional (1). Both Q

- 

and R are computed employing quantities pertaining to the

present conjugate gradient iteration.

6.5. Descent Property. Under the assumption of linear

constraints, Eq. (64) simplifies to

~
l TA TA TA

Z =~~ B~ Bdt + C~ C + (E~ E) 0
I JO

p Because of the local orthogonality condition (84-1) written

for the previous iteration , Eq. (90) yields

z=0. (91)

As a consequence , Eq. (63)  reduces to

I ~J = — c * Q, (9 2)

[ I  where the error in the optimality conditionsQ is given by Eq.

- 
(89-1). Equation (92)  holds for any conjugate gradient iter-

I. ation and shows that , since Q >  0, we have ~J < 0. Hence , for

- cc sufficiently small, it is guaranteed that the augmented
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I /
t uuc I le na 1 1 decreases .  In conclus ion , for the 1 i nca:—

(tu
~
dratic case , the res tar t  p rocedu re men t ioned in  Section

5.  4 neve r  e c cu r s  . Tb is means tha t the  d i r e c t  i ona l cod fi —

clout  ~ is se t a t  the Level (t~ 5) o n l y  for  the I i rst con juqat e

• gradient iteration.

6. 
____

Now , assume t h a t  the ~i i q o ri  th in described by Eqs.  ( 5 1 )  — ( 60 )

and (8.3 ) i s  employed , startin g with some feasible nominal

f u n c t i o n s .  F u r t h e r , assume that the d i  rect  io~~a1 c o e f f i c i e n t

‘
~ is set a t  the leve l (~~5) for the t i r s t  con j u q a t e  gradient

iteration and at . the leve l ( 9 6 —  1.) for  any subsequ ent  con juga te

gradient iteration. Under thes assumptions and for the

l i n e a r — q ua d r at i c  case , one can genera l  i ~ e the local orthoqo—

na ii ty cendi t ions ( 8 4 )  and the local c onj u q acy  con d i t i o n

(8~~) as toliows :

~ B f l~dt C~ C~ + (E~ E )  
~ 

= 0 , ( (~ ~~l )

(
1 

13 r~ dt  + cTc F (E~ E ) = 0 , (9 
~~~~~~~~~

J O * * *p * *p 0

and

M~ f M I t  + (M Th M ) 0 + (M ’1q M )  
~ 

0 , ( 9 3 —  1)

I-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~
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- where the subscript p denotes any conjugate gradient itera-

tion preceding the present conjugate gradient iteration.

While  these equations do not guarantee convergence in a finite

number of steps , they do guarantee that the al gorithm gener- —

ates a sequence of linearly independent vectors M(t), that

is , a sequence of linearly independent variations per unit

• s tepsize A ( t ) , B( t ) ,  C.

i.

_ _ _
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7. Conjugate Gradient Phase : Practical Implementation - I

In this section , we summarize the results of Sections - 
I

5—6 and suggest practical ways of utilizing these results,

wi thin the following operating rules: ( i )  the use of second

derivatives must be avoided; and C i i )  the simultaneous de-

termination of the directional coeff ic ient  y and the stepsize

cc must be avoided. We refer to the general case where the

functional ( 1) is nonquadratic and/or the constraints ( 2 ) - ( 6 )

are nonlinear. I

7.1. Auxi l iary  Functions . The f i r s t  step is to solve 
-

Eqs. (5l)-(60) for a fictitious value of the directional I
coefficient, namely,

( 9 4 )

Using the solution technique of Section 4 . 4 , we obtain the

following auxi l iary  functions and multipliers:

A~~( t), B~~( t), C~~, A~~( t) , p~~C t),  o~~, ~~ • ( 95 )

7.2. Directional Coef f ic ien t .  The second step is to 
-

compute the actual value of the directional coefficient ~~ . -

For the first conjugate gradient phase, we set .

y = 0 .  (96)

For subsequent con jugate gradient phases , we set

—..-----~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ - -~~~~~~~~ ~~
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~ I 
y Q/Q , ( 9 7 )

where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (E~~~E~~~) 0,  ( 9 8- 1 )

I Ô= ~~~~~ñ~d t + ê ~~~~+ 
~~~~~1c~~~ç~ 

. (98—2)

In Eqs. (97)-(98), the symbols Q and Q denote the errors in

I the optimality conditions for the present conjugate gradient

phase and the previous conjugate gradient phase , respectively.

I The directional coefficient (97) is acceptable only if

J ( O )  = — ( Q + y Z )  0 , (99 )

where Q is given by C98-l) and Z is given by

I Z=~~~B~~dt+C~~~+ (E~~ )0 . (100) 40

I If Ineq . (99) is violated , then the directional coefficient

I 
(97 )  must be discarded and rep laced by the value ( 9 6 ) .  This

means that the algorithm must be restarted by replacing the

I conjugate gradient phase with an ordinary gradient phase.

7.3. Basic Functions. The third step is to compute the

I basic functions ACt), B(t), C and the multipliers \(t), pCt),

o , p . This is done with the following formulas:

I
I
I H-I

~~~~~~~ 
.-~~.
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- A A

A( t )  A~~( t )  + ‘ Y A C t), B( t )  = B ~~( t )  + ‘ y B ( t), C = C ~~+ Y C , (101) -~~~

\ (t) = A~ (t ) ,  p ( t )  = p
~ 

(t ) ,  o = 0
* , ~ = 

~~*. (102) .1
Therefore , in the practical implementation of the algorithm ,

the basic func t ions  A ( t ) ,  B ( t) , C are computed using the formu-

las derived under the assumption of linear constraints .

7.4. Stepsize. With the basic functions (101) known ,

we consider the one-parameter family of varied functions

*( t )  =x(t) + c t A ( t ) ,  ü ( t ) = u ( t ) + c c B ( t ) ,  ~~=~~~+ a C . (103)

After substitution of Eqs. ( l 0 2 ) - (l 0 3 )  into (8)  and (1 5) ,  the I
following functions of the stepsize are obtained :

J= J(cc) , P= P(cc) . (104)

Then , a one dimensional search scheme is applied to

( 104-1) ,  and a value of the stepsize cc is selected for which

the fol lowing relations are sa t i s f ied:

J (cc ) 3 ( 0 )  , P(ct) -
~ P~ , ~~ (a) - 0, (105)

where i is the final time and P~ is a preselected number ,

not necessarily small. Satisfaction of Ineq . (105—1) is pos—

sible because of the descent property of the conjugate

gradient phase . Ineq . (105 — 2 )  is introduced to prevent

excessive constraint  violat ion. And Ineq . (105-3) is required

U
_________ —~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~-_ _ _ _ _ _ _ _ _

.-

~ 

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~_ _ • ~
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L for  problems with free final time.

r Prior to the satisfaction of (105), a scanning process

is employed , leading to the bracketing of the minimum point
- 

for J ( c c ) .  This operation is then followed by a Hermitian

cubic interpolation process (Ref. 9 ) ,  which is stopped whenever

-~ L the fol lowing relat ion is sa t is f ied:13

L IJ (cc ) or I J a (cc ) / ( O ) I ( 106)

- 

- 
subject to an upper l imi t  for  the number of search steps N

~
.

Once a stepsize cc has been selected consistently with either

j (106) or the prescribed upper limit for the number of search

steps , Ineqs. (105) must be checked . If sa t i s fac t ion  occurs ,

then the stepsize cc0 is accepted . If any violation occurs ,

- then the stepsize cc0 must be bisected progressively until

satisfaction of (105) is finally achieved .

‘ 1
H

[ 13The symbols 
~ 
and denote small , preselected numbers.
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8. Descent Proper ty of a Cycle

A descent property exists for a complete conjuga te

gradient-restoration cycle under the assumption of small

stepsizes. Let a.g denote the conjugate gradient stepsize and

the restoration stepsize. Simple manipulations, omitted

for the sake of brevi ty , show that the conjugate gradient 1.
corrections are of O (a g ) .  while the restoration corrections

are of O(arcc2). Hence, for ag sufficiently small , the restor—

ation corrections ar~ negligible with respect to the conjugate

gradient corrections. Therefore , the restoration phase pre-

serves the descent property of the conjugate gradient phase.

More spec i f i ca l ly ,  let I ll  12 P  13 denote the values of

the funct ional  (1) at the beginninq of the conjugate gradient

phase , at the end of the conjugate gradient phase, and at the

end of the subsequent restoration phase. Note that I~ and 12

are not comparable , since the constraints are not satisfied

to the same accuracy . On the other hand , I~ and 13 are corn-

parable , and the conjugate gradient stepsize a q can be selected

so that

13 ~
- I~ . (107)

This inequality constitutes the descent property of a complete

conjugate gradient—restoration cycle. In order to enforce it ,

one proceeds as follows. At the end of the restoration phase ,

j
I

p 
— — - 

~~~~~~~~~~~~~~ 
- - 

~~~~~~~~~~~~~~

- - ~~~~~~~~~~~~~~~~~~~ 
-
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one must verify m eg. (107). If it is satisfied , the next

con jugate gradient phase is started; otherwise , the previous

con jugate gradien t stepsize is bisected as many times as

L needed until , af ter restora tion , m eg. (107) is satisfied .

*

I L

- -~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~~

~~-~~- 
__

~~~____t__ “~~ - ‘— 
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9. Summary of the Algori thm

The sequential  conjugate gradient-restorat ion algorithm

solves opt imal control problems involv ing a fun ctional , sub-

ject to differential constraints, nondifferential constraints,

and general boundary conditions. The algorithm is composed

of a sequence of cycles, each cycle consisting of two phases ,

a conjugate gradient phase and a restoration phase. The

objective of each cycle is to decrease the funct ional  I ,

while the constraints are satisfied to the predetermined

accuracy (18—1).

The decision parameters controlling the algori thm are -
~~~

the constraint  error P and the optimality condition error Q

[see Eqs. (15) and (16)). If P violates m eg. (18—1), the 
-

algorithm executes a restoration phase . If P satisfies

Ineq . (18-1) and Q violates Ineq . ( 1 8 — 2 ) ,  the a lgor i thm executes a

conjugate gradient phase . Finally , if P and Q satisfy lneqs . -

(18), the algorithm stops: convergence has been achieved .

9.1. Restoration Phase. This phase involves one or -

more itera tions and can be summarized as follows . -

(a) Assume nominal functions x(t), u(t), ii which satis— 
-

fy condi tion ( 4 ) ,  but violate at least one of conditions .1 i

(2)—(3) and (5)—(6). •

(b) For the nominal functions , solve the LTP-BVP

(32)-(36) and (38)— (42) using the method of particular

- ~~~-~~ --- —‘ ‘— —.~.•- ~~~~~~~~~~ ._~~~~ ~ ~~~~~~~~~~ ~~~~ - • - ~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~ .•______ ~~~~~~~~~
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- solutions. In this way , obtain the functions A(t), B(t), ~~
.

and the multipliers X(t), p (t), ~ , p
- .  

(c)  Using the functions in (b) , compu te the restora tion

stepsize by a one—dimensional search on the constraint error

I .. P ( c t ) - . To this effect, perform a bisection process on cc ,

starting from cc0= 1, until Ineqs. (50) are satisfied .

- - (d)  Once the restoration stepsize is known , compute the

varied funct ions  x ( t ) ,  u(t), ~i with Eqs. ( 2 3 ) .

(e) Verify whether the varied functions in (d) satisfy

Ineq . ( 18—1 ) .  If this  is the case , the restoration phase is

terminated . Otherwise , return to (a) and continue the pro-

cess unt i l  sat isfact ion of ( 18—1) occurs.

9 . 2 .  Conjugate Gradient Phase. This phase involves a

single iteration and can be summarized as follows .

- 
(a) Assume nominal funct ions  x ( t ) ,  u ( t ) ,  u which sa t i s fy

the constraints ( 2 ) — ( 6 )  wi th in  the preselected accuracy ( 18— 1).

(b) For the nomina l func tions and for ‘
~~~~~ 

= 0 , solve the

— LTP—BVP (51)-(60) using the method of particular solutions.

In this way, obtain the auxiliary functions A~ (t), B~~(t), C~
and the mul tipliers \~~C t ) , 

~“~~(t), ~~~ 
. 4

L (c) Set the directional coefficient ~ at the level (96)

• 
- [ for the first conjugate gradient phase and at the level (97)

for any subsequen t con jugate grad ien t phase. In the latter

• [ case , accept the directional coefficient only if Ineq . (99)

[

I ~~:

• 
- -

-S —-— - ~~~~~~~~~~~ - - A - ~~~~~~~~~~~ - •
~~~~ -~~~~~~~~~~
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is sa t i s f ied ;  otherwise , reset ~y at the level ( 9 6 ) .  —

(d)  Compute the basic funct ions  A ( t ) ,  B ( t), C and the

mul t ip l ie r s  \ ( t ) ,  p ( t ) ,  0 , p using Eqs. (lOl)—(l02).

(e )  Using the funct ions  in (d ) , compute the conjugate 
-

gradient stepsize by a one-dimensional search on the augmented

functiona l J(cc)until satisfaction of Ineq . (106) occurs. Then ,

bisect the resulting stepsize cc0 (if necessary), until satis-

faction of Ineqs. ( 105) occurs.

( f )  Once the conjugate gradient stepsize is known , 
-

compute the varied funct ions  *(t ) ,  ü ( t),  ~i with Eqs. (103).

9.3. Conjugate Gradient-Restoration Cycle. After the

restoration phase is completed , verify whether Ineq . (107) is

sa t i s f ied. If this  is the case , s tart  the next cycle of the

sequential conjugate  gradient—restora t ion al gorithm . If not ,

return to the previous conjugate gradient phase and reduce

the conjugate  gradient stepsize (using a bisection process) -

unt i l , a f t e r  restoration, Ineq . (107 ) is sat isf ied.

I

, 

_ _ _

_
_ _ _ _  _ _ _ __ _ _ _

_ _ _ _ _ _ _
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I

10. Experimental Conditions

In order to evaluate the theory, twelve examples were

solved . The sequential conjugate gradient-restoration

algorithm was programmed in FORTRAN IV , and the numerical

— results were obtained in double-precision arithmetic.

Computations were performed at Rice University using an

IBM 370/ 155 computer. For each example , the interval of in-

tegration was divided into 100 steps. The differential equa-

tions were integrated using Haraming ’s modified predictor-

corrector method with a special Runge-Kutta starting procedure

- 
1. (Ref.  10) . The defini te integrals I , J , P , Q were computed

using a modified Simpson ’s rule . The method of particular

solutions (Refs .  6—8)  was used to solve the linear , two—point

boundary-value problems associated with both the conjugate

gradient phase and the restoration phase.

10.1. Convergence Conditions. The parameters c1, e 2 ,

1 c4 appearing in Ineqs. (18) and ( 106) were set at the levels14

• [ c1= E — 0 8 , c 2 = E — 0 4 , c4 = E — 0 3 .  (108)

[ The tolerance level (108-1) characterizes the restoration

phase; the tolerance levels (108-1) and (.10 8 - 2 ) ,  employed in

I 14The symbol E±ab stands for 10±ab~- I
i. 

—‘—~~~ -——~~~~~~~ ~~~~~~~~~~~~ ~~—.4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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combination , characterize the algorithm as a whole; and the

tolerance level ( 103—3 ) characterizes the one-dimensional

search for the conjugate gradient stepsize.

10.2.  Safeguards. For the conjugate gradient phase,

the parameter P~ appearing in Ineq . (105—2) was set at the -

level

P~~= l 0 .  ( 109)

The tolerance level (109) limits the constraint violation

which is permissible during the conjugate gradient phase.

Also for the conjugate gradient phase, the number of Hermitian -
~~

search steps required to satisfy Ineq. (106) was subject to -

the upper bound 
- -

N5 ( l O .  (110) - -

10.3. Nonconvergence Conditions. The sequential conju-

gate gradient—restoration algorithm was programmed to stop

whenever sat isfact ion of any of the following inequalities

occurred:

(i) N > 50 , (i l l )

(ii) N
~ 

> 30 , (112)

Ciii) Mr > 10 , (113)

_ _  

iii st
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I
(i v) Nbr 10 ( 114)

(v) 3 ( 0 )  — 0 , = 0 , (115)

C v i )  Nbq 
- 10 = 0 (116)

C v i i )  N b 10 , = 0 . (117)

Ue re , N i s the  to t - a 1 number of i t er a t  i o n s , N is  the numbe r of

cycles , N 1 i s  t h e  numbe r of restot-ative iterations per cycle ,

N br is the numbe r 01 b isect ions  of the r e s t o rat i o n  s tep s ize

reqUi  red t o  s~it i s  fy in e l s. (50) N
L~q 

i s  the number of b i see—

- - t ions  ot  the  con j u q a te  qrad i en t st epsize  r eq u i red  to sat  i s  f y

I n eqs . C 10~ ) , N b S t h num ber of bisect i OIl S of t .~-’ con uqa t e

qradient ste~ size required to satisfy Incq . (107), and 3 (0)cc

is t he slope of the auqrnented f u n c ti  ona I a t : cc 0.

i nequa I i  t ies ( 1  1 1 ) —  ( 112) apply to the aiqot- .i thm as a

whole.  Sat i s  fact ion of (ill) and/or (112)  i s  i n d i c a t i v e  of

ext retue s lowness  of convergence .

lnequa I i ti (‘S (113)— ( 1 14) apply to the r e s t o r a t i o n  phase

S a t i s f ac t i o n  of (113) is indicative of failure to produce a

f ea s i b l e  s o l u t i o n  i n  a reasonable number of restorative i tera—

E tions . Sat i s f a c t i o n  of ( 114) is in d i c a t i v e  of extreme small-

ness of the restorative displacements.

Inequalities (ll5)—(ll6) apply to the conj u q at e  gr ad i e n t

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - - .- - - - - . - . • -
~--— - - - -

~
-------- -- - - 

~~~~~~~~~~~
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phase. Sa t i s fac t ion  of (115) means that the descent property I

of the conjugate gradient phase does not hold , owing to

numerical inaccuracy . Satisfaction of (116) is indicative of

extreme smallness of the conjugate  gradient  displacements.  
-

Inequal i ty  (117) applies to a complete conjugate

grad ien t—res tora t ion  cycle. Sa t i s fac t ion  of (117) is indica— -

tive of extreme smallness of the displacements produced w i t h i n  
I

a complete conjugate gradient-restoration cycle.

10.4. Restarting Conditions. The directional coeffi-

cient y of the present conjugate gradient phase was reset at - .

the level ‘, = 0 wheneve r s~ t i s f a c t i on  of any of the following -
~~~

inequalities occurred :

Ci ) 
~
T
~~

(0)  0 , ~ = Q/Q , (118)

(ii) Nbg 10 = Q/~~ (119)

(iii) Nb 
— 10 , = Q/Q . (120)

Satisfaction of (118) means that the descent property of j
the conjugate gradient phase does not hold. Satisfaction of

(119) is indicative of extreme smallness of the conjugate  -

gradient displacements. And satisfaction of (120) is indica- 1
tive of extreme smallness of the displacements produced within

a complete conjugate gradient-restoration cycle.

-- -~~~~~~~~~~~~~ 

_ 
—~~~- - . _ - -- --~~~~~~~~~~
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_
-
~~~~ The directional coef f icient y of the next conjugate

• 3 gradient phase was reset at the level ~ = 0 whenever satisfac-

- .  
tion of any of the following inequali ties occurred:

- (iv) 1 
~ 

Nbg < 10 , 0 or y = Q/~~~, (121)

(v) l < N bc < l O , ~~= 0 or y = Q / ô . ( 122)

Satisfaction of (121) or (122) is indicative of large viola—

La tions of the orthogonality and conjugacy conditions, owing to

the fact. that the optimal conjugate gradient stepsize cannot

- be employed.

( 1

_ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~ ~~~~~~~~~~~~~~~~ 

-

- 
— - — -  — — ~~~~~~~~~ - — s-_~~~~• —~~~~~~~~~~ - ~~~~~— ~~ - ~~ - -  ‘-——• —~~ k~~k~~~



_______ - - ~~~— — - —.- _ _ , - -—• - ~~~
—

50 AAR—l45

11. Numerical Examples

In this section , twelve numerical examples are des-

cribed employing scalar notation. In particular , the symbols

x1(t), i=1 ,. . . ,n , denote the components of the state ; the

symbo ls u
~~
(t), i=l ,.. ,m , denote the components of the control ;

and the symbols ~~,i=1 ,.. ,p, denote the components of the I
parameter.

For all of the examples , a time normalizat ion is used in

order to simplify the numerical computations. Specifically,

the actual time (
~ is replaced by the normalized time

t = O / r , (123)

which is defined in such a way that t = 0 at the i n i t i a l  point

and t = 1  at the final point. The actual f i n a l  time r , if i t

is free , is regarded as a component of the vector parameter 11

to be optimized . In this way, an optimal control problem wi th

variable final time is converted into an optimal control prob-

lem wi th  fixed f i n a l  time .

Example 11.1. This is a problem w i t h  ( i )  free i n i t i al

state and (ii) fixed final time i = 1:

1= ~~~~~~~~~~~~~~~~~~~~~~~ (124 )

= U
1

— x2 ,  (125)

- ,.- ~~~~ • 4
• ~~~

— - 
~~~~~~~ ~~~~~

• - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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u1-u 2 + S t - 3 = 0 , ( 126)

x1 (1) 
= 0 . (127)

The assumed nominal functions are :

x1(t) 0, x2(t) —l , u1(t)=0 , u2Ct)=0 . (128)

The numerical results are given in Tables 1-2. Convergence

to the desired stopping condition occurs in N = 3  iterations ,

which include 1 restorative iteration and 2 conjugate gradient

: iterations.
I

Example 11.2. This is a problem with (i) a linear rela-

tion between the components of the initial state and (ii)

- 
fixed f inal time T = 1:

- .  I ~ Cx ~ + x~ + u~/200 + u~ )d t , (12 9)

-. = x~ , ~2 
= u1 + u 2 

- x2 , (130)

- [ u1 + 2u2 
— 10/(1 + lOt) 2 = 0 , (131)

x1(0) +x 2(0) =— l , (132)

- E 
x1(1) +x 2(l) = 1. ( 133)

The assumed nominal functions are:

I ~
— a 

- - -—- - ~~~~~~~~~~ —- —• ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘—~~~
- - — —‘-.

~~~~~~ _-~~~~ -~~~~~
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x1(t) = 0 , x2(t) = 2t— 1, u1(t) = 0 , u 2 (t )  = 0. (134)

The numerical results are given in Tables 3-4. Convergence

to the desired stopping condition occurs in N= 3 iterations,

which include 1 restorative iteration and 2 conjugate gradient

iterations.

Example 11.3. This is a problem with (i) initial state

given and (ii) fixed final time i 1 :

1= ~~(x~~+u~ )dt , (135)

_ )
x1

— x
1 — u 1, x2 =u 2 , (136)

x~ - u 1 
- 2x2u2 = 0 , ( 137)

x1(0) = 1, x 2 ( 0 )  = / ( 0 . 1 ) ,  (138)

x1( l )  = 1 ( 139)  - I

This problem is equivalent (Ref .  2 )  to that of min imiz ing  ( 135),

subject to ( 1 3 6 — 1) ,  (138 —1 ) ,  ( 139 ) ,  and the following state

inequality constraint:

x1 
— 0,9  > 0 . ( 140)

The assumed nominal func tions are :

x1(t) = 1, x2(t) = 1(0.1), u1(t) = 1, u 2 ( t)  = 1. ( 141)

_ _ _

_

~

s _*L . 1._ a.;_ . A . a__fl ____________ p.. j ~- _ _ ~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~ ~~~_ _
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The numerical results are given in Tables 5-6. Convergence

to the desired stopping condition occurs in N=14 iterations ,

which include 9 restorative iterations and 5 conjugate gra-

dient iterations.

Example 11.4. This is a problem with (i) initial state

partially given and (ii) fixed final time T=1 :

~ .: 
I = ~~~ [2X 2u~/ l + u~~] d t + x~~ O , ( 142)

c2 = u 1 , ( 143)

- 

- 
u1— u ~~= 0 , (144)

1.

- -  
x1(0) = 0 , (145)

x1(1) = 1/3 . (146)

1.
This problem is equivalent (Ref. 2) to that of minimizing

(142) ,  subject to (143), (145) ,  (146), and the following con—

[ trol inequality constraint:

• u > 0 .  ( 147)1-

The assumed nominal functions are:’5

~ [ 15Here , C= /(1/7). For this value of C, the constraints
(143)—(146) are satisfied .

1
— I c  

_ _

- — 
. 

- ~~~~~~ . ~~~d~~~_a ’ .L_S ~~ _~_ ~~~~~~ _ Ck. - .~~ _S_ • ~& ~l ai~_~~~~~ __ _ s  j~~~~ _. _ _ _  - .~ 
. _ _ _  _ ——
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2 3 2x1(t)= (C /3)(t +3t + 3t), x2(t) =C(t+l), (148) —

u1(t) =C , u2(t) = /C. (149)

The numerical resul ts are given in Tables 7—8. Convergence 
-

to the desired stopping condition occurs in N = 7  iterations ,

which include 4 restorative iterations and 3 conjugate gra-

dient iterations.

Example 11.5. This is a minimum time problem with Ci) a

linear relation between the components of the initial state 
-

and (ii) free final time T. After setting 
~
T
l 

= r , the problem

is as follows:

(150) 
- _

- fl
1

U 1, = it
1 

(u~ - x~ - 1/2 ) ,  (151)

u~~-x~~-u~~= 0 , (152) 
-

•

x 1( 0 ) — x 2 ( 0 ) = 0 , ( 153)

x 1( l )  = 1, x 2 ( l ) = — n / 4  , (154)

This problem is equivalent (Ref. 2) to that of minimizing

( 1 5 0) ,  subject to (151), (153), (154), and the following H

state-derivative inequality constraint:

I

; 
_ _ _ _  

j
1~

- ~~~~~~~~ ~
__ _
~i -~~~~~~~~ -~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~ ~~ , .— - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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i
+ 1/2 0 . ( 155)

The assumed nominal functions are :

x1(t) = t , x2(t) = —(ir/4)t, (156)

u1(t) = 1, u 2 (t )  = 1, 111= 1 .  (1 57)

The n umer ical results are given in Tables 9—10. Convergence

to the desired stopping condition occurs in N= 18 iterations ,

which include 13 restorative iterations and 5 conjugate gra—

dient iterations.

Example 11.6. This is a problem with (i) a component of

the initial state given, (ii) a nonlinear relation concerning

the remaining component of the initial state, and (iii) fixed

final time T= l :

3 2i = ~ [2x 2u l/ ( 1+u1)] d t + x ~~( O ) ~ ( 158)

‘~l 
= ‘ 

= u 1 (159)

2u 1— u 2 = 0 , (160)

1;
x1(0) = 0, [x2

(O)_ 0.35] [i — x2 O)] — = 0 , (161)

x1(l) = 1/2 . (162)

r
4 . -1
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This problem is equivalent (Ref. 2) to that of minimizing

( 158),  subject to (159) ,  ( 161—1), ( 162 ) ,  and the following

inequality constraints imposed on the control and the initi al

state : I
u1 >0 , (163) -

O.35<x 2(0) ~~l. (164)

The assumed nominal functions are :16

x1(t) = (t3 +3t2 + 3t)/l4, x2 (t)=C(t+1), (165)

u1(t) =C , u2(t)=v
’C , ir1=/ [(C—O.35)(l—C)]. (166)

The numerical results are given in Tables 11—12 . Convergence

to the desired stopping condition occurs in N =l O iterations, 
-

which include 7 restorative iterations and 3 conjugate gra— -

dient iterations.

Example 11.7. This is a problem with (i) a nonlinear

relation between the components of the initial state and Cii) I
fixed final time T=l:

~
6Here , C=/(1/7). 1

I

i

- U  

———-_- 

• 

~~~~~~~~~~~~~~~~~~~~

~~ — - - - -  —- —~
.- - - — - - - _ ______ _ ___;~~~~~~~__ -  ___ • __ ±_ _ -~

____,_ a. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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2 2I = ~~ (x1+ u 1)dt , (167)
~0

U.

x1=x 1— u 1, x2 — u 2, (168)

x~ 
— U

1 — 1 + 2t — 2x2u2 = 0 , (169)

2x1(O) — x 2(0) = 0.8 , (170)

L

- -  x1(1) =1. (171)

1 
This problem is equivalent (Ref. 2) to that of minimizing

(167), subject to (168—1) , (171), and the following state

inequality constraint:

- -  x1 — 0 . 8 — t + t
2 > 0 .  (172)

-- The assumed nominal functions are :

~

x1(t) = 1, x ( t )  = /(0.2), u1(t) = 1, u 2 (t )  0 . ( 173)

The numerical results are given in Tables 13-14. Convergence

to the desired stopping condition occurs in N=22 iterations ,

which include 13 restorative iterations and 9 conjugate gra-

L’ dient iterations.

[ Example 11.8. This is a problem with (i) a component of

the ini tial state given, (ii) a linear relation between the

[ remaining components of the initial state, and (ii~i) fixed

~t

:

~

_ _
I 

~~~

. -. -

~

-.-- -

~

- - -

~~~~ ~~~~~~~~~~~~~~~ 

- .
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f i nal time t = rr/2 : 
- -

2 2I = I T(u 1 X + -it )d t , (17 4)
~ . 1

2 .1
= Tu1, X

2 
= T ( 2 — 4 x 1) = TX 4 ,  X

4 = TU 2 ,  (175)

24x1u1 — x3u2 
— x4 = 0 , (176)

x1(0) =0 , 2x
3
(0) +x4(0) = 1 , (177)

x1(l)  = 1, x 2 ( l )  = 0 .  ( 178)

The assumed nominal functions are :

x1(t )  = t , x 2 (t )  = 4 t (l  — t)  , x3 (t) = 1—  2t , (179)

x4Ct) =—l , u1(t) = l/t, u2(t) =0. (180)

The numerical results are given in Tables 15-16. Convergence

to the desired stopping condition occurs in N = 2 3  iterations,

which include 13 restorative iterations and 10 conjugate gra-

thent iterations.

Example 11.9. This is a problem with (i) a component of

the ini tial state given, (ii) a nonlinear relation between

the remaining components of the initial state , and (iii) fixed

final time -r=n /2:

___________________________
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1 2I=~ T (u~~ — x
1

+ i t ) dt , (181)
0

= iu1, = i ( 2  — 4x~ ) , = TX
4~ 

= TU2 ,  (182)

24x1u1 
— x

3
u
2 

— x4 = 0 , ( 183)

x1(0) = 0 , x , ( 0 ) + x 3( 0 )  [x 3 ( O )  + 2x4(O)] = — 1 , ( 184)

x1(l) = 1, x 2 ( l )  = 0. ( 185)

The assumed nominal functions are:

x1(t)=t, x 2 ( t ) = 4 t ( l - t ) ,  x3(t)=l-2t , x4(t)=—l , (186) H
u1( t ) = 1/ T , u 2 ( t ) = 0  . (187)

The numerical results are given in Tables 17—18. Convergence

to the desired stopping condition occurs in N =  20 i terations,

which include 12 restorative iterations and 8 conjugate gra—

-- E dient iterations.

Example 11.10. This is a problem with (i) a component

E of the initial state given, (ii) two nonlinear relations between - -

the remaining components of the initial state , and (iii)

fixed final time r =

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~

• 

—-- - “
~ - 

__.~
_
~4--
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I T(U~~ - X ~~+ Tt)dt , (188)

= ‘~2 = T ( 2 —  4x~ ) , = t x 4 ,  = TU 2 ,  (189) 
-

4x
1u1

-x 3u2 -x~~=0 , (190)

x1(0)=0 , x 2(0) +x ~~( 0 )  = 1 , x3 ( 0) x 4 C O )  = — l , (19 1)

x1
( l)  = 1 , x2

( 1) = 0 .  ( 192)

This problem is equivalent (Ref. 2) to that of minimizing -

(188), subject to (189—17, (189—2), (191—1), (192), and the

following state inequality constraint:

1— x 2~~ 0. (193)

The assumed nominal functions ar~~: - .

x1
(t)=t , x

2 (t)=4t(l—t), x3~ t)’ 1—2t , x4(t)=—l , (194) 
-~~

u(t)=l/r , u2 Ct)=0. (195) 
-

The numerical results are given in Tables 19-20. Convergence

to the desired stopping condition occurs in N= l8 iterations ,

which include 11 restorative iterations and 7 conjugate gra- -

dient iterations. 
-

Example 11.11. This is a minimum time problem with (i) .1

- j 
• _j 1____

~~ 
-- 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - 

- - .
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a nonlinear relation between the components of the init ial

I state and (ii ) free final time i. After setting n
1

- t , the

problem is as follows:

I= 1r ,~ (196)

~~ 
= ~~~~~ = ir 1(u~ — x~ 

- 1/2), (197)

u~~— x ~~— u ~~= 0 , (198)

x1(0) +x~~(O) =0 , (199)

x1( l ) x 2 ( l ) = — T T / 4.  (200 )

This problem is equivalent (Ref .  2)  to that of minimizing

(196), subject to (197 ) ,  (199), ( 2 0 0 ) ,  and the following

state-derivative inequality constraint:

+ 1/2 > 0 . (201)

The assumed nominal functions are:

x1(t)=t , x2Ct) -(ir/4)t, u1(t)=l , u2(t)=l, 
1T
l=1~ 

(202)

L.
The numerical results are given in Tables 21-22. Convergence

[ to the desired stopping condition occurs in N = l 4  iterations,

which include 10 restorative iterations and 4 conjugate gra-

I dient iterations.

I
:1 

- 

~~~~~~~~~~~

• 
_ _ _  

—-—-•;  
- •  . . ~~~~~~

. ,
— tS .4~~~~~~ ~~~~~~~~~~~~~~~~~~~~ _•4_~~~~_ 
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Example 11.12. This is a problem with (i) a linear - I

relation between the f i r s t  two components of the initial

state , ( i i )  a nonlinear relation between the remaining compo-

nents of the initial state, and (ii) fixed final time r l :

2 . 
-

I = 
~ 

u~dt, (203)

c2 = u l,  c~~ =X ~~, c4 = u 2 ,  ( 2 0 4 )  - •

u1 +2x3u2 +2x~~= 0 , (205) .1

x1(0) +x 2(0) =1 , x~~(0) +2x3(0)x4(0)=—0.85 , (206)

x1(l) =0 , x2(1) =—l. (207)

The assumed nominal functions are ;

x1(t)=0, x2(t)=l—2t , x3 (t)= (l—2t)/(0.15), (208)

x4(t)= (2t—1)/2/(0.15), u1(t) l, u2 (t)=0. (209)

I
The numerical results are given in Tables 23—24. Convergence

to the desired stopping condition occurs in N=20 iterations , 1
which include 12 restorative iterations and 8 conjugate gra—

dient iterations.

ii

h1f ________ .•  ___________________________ _ : .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Table 1. Convergence history , Example 11.1.

N~ Ng Nr N P Q I

i.
0 0 0 0 0.43E+O1
1 0 1 1 0.15E—29 0.17E+00 1.29984
2 1 0 2 y=O 0.90E—30 0.49E—02 1.18165
3 1 0 3 y~ 0 O.l2E—29 0.31E—06 1.18040

— • 

Table 2. Converged solution, Example 11.1.

~

~I I t xl x 2 u1 U2

0.0  — 0 . 0 0 6 9  —0 .3314 1.5004 — 1.4995
0.1 —0.0316 —0 . 1699 1.2368 —1 .2631
0.2 — 0.0422 —0.0485 0.9798 —1.0201
0.3 —0.0425 0.0370 0.7279 —0.7720
0.4  —0.0359 0.0908 0.4799 —0.5200
0.5 — 0.0253  0.1159 0.2343 —0.2656

*4  0.6 —0.0135 0.1153 —0.0100 —0.0100
0.7 —0.0030 0.0916 —0.2544 0.2455
0.8 0 .0040 0.0468 —0.5000  0 .4999
0.9 0.0056 —0.0171 —0.7481  0.7518
1.0 0.0000 —0.0988 —1.0000 1.0000

: k
t=1.00000

— - -—--i- •— - 
._

~~~~~.~~~~~~~~
- __ .- • 

~~~~~~~~~~~~~~~~ 
—

~
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Table 3. Convergence history , Example 11.2.

N~ Ng N~. N P Q I

0 0 0 0 0 .79E+Ol
1 0 1 1 0 . 3 7 E — 2 7  0 .35E+00 1.89493
2 1 0 2 y=0 0 . 15E—26 0 . 6 5 E — 0 2  1 .48434
3 1 0 3 y~ 0 0.24E—26 0.50E—04 1.48042 - ,

Table 4. Converged solution , Example 11.2. 
-

t x1 x2 U
1 

U
2

0.0  0.1127 —1.1127 12.0825 — 1.0412  
-

0.1 0.0416 —0.4340 4.6589 —1.0794 -

0.2 0.0146 —0 .1335 3.2253 —1.0571
0.3 0.0114 0.0578 2.7069 —1.0409
0.4 0.0245 0.1984 2.4732 —1.0366
0.5 0.0501 0.3101 2.3668 —1.0445
0.6 0.0859 0.4035 2.3329 —1.0644
0.7 0.1304 0.4847 2.3482 —1.0959
0.8 0.1826 0.5581 2.4013 —1 .1389

• 0.9 0.2419 0.6265 2.4864 —1 .1932
1.0 0.3078 0.6921 2.5999 —1 .2586

: 3

T l.00000

_ _ _ _  _ _ _  

___________________________
— .- i_ 

~~- a ~~~~ ~~~~~~~~~~ 
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Table 5. Convergence history , Example 11.3.

I. N~ Ng Nr N P Q I

0 0 0 0 0.14E+01
• 1 0 3 3 0 .52E 09 0.35E +0O 1.83569 : 

-

2 1 2 6 y=O 0.15E— 16 0 . 14E— Ol 1.66599
3 1 1 8 y~ O 0.12E—08 0.27E—03 1.65745
4 1 1 10 y~~O 0 . l2 E — l2  0 . l 8E—03 1.65704
5 1 1 12 y~~O 0.51E—l3 0.l6E—03 1.65677
6 1 1 14 y~ O 0.34E—l2 0.66E—04 1.65641

Table 6. Converged solution , Example 11.3.

t X1 x2 U1 u
2

0.0 1.0000 0.3162 1.7514 —1.1881
0.1 0.9417 0 .2 0 4 3  1,3437 —1.1180
0 .2  0 .9082 0 ,0907 1.0166 —1.0558
0.3 0 .9002 0.0151 0 .8232  — 0 . 4 2 1 5
0.4 0.9000 —0.0027 0.8099 —0 .0180
0.5 0.9000 —0.0013 0.8100 0.0096
0.6 0.9000 —0.0010 0.8100 0.0303
0.7 0.9003 0.0 175 0.7956 0 .4250
0.8 0 .9087 0.0933 0 .6292  1.0524
0.9 0 .9420  0.2051 0.4398 1.0912
1.0 1.0000 0.3162 0.2376 1.2053

T 1 . 00000
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Table 7. Convergence history, Example 11.4.

N~ 
Ng ~~ N Y P Q I .1

0 0 0 0 0.47E—32 0.49E—O1 0.19642
1 2 3 ‘y O  0. 1OE l3 O.l 1E 02 0.16924

2 1 1 5 y~ O 0 .12E—09 0. 1OE—03 0.16816
3 1 1 7 y~~0 0.3 1E— 13 0 . l lE — 0 4  0.16809 - 

I

:: I

Table 8. Converged solution , Example 11.4.

t x l x 2 U
1 

U
2

0.0 0.0000 0.2908 0.9570 0.9782
0.1 0.0112 0.3753 0.7474 0.8645
0 .2  0.0281 0. 4428 0.6 127 0.7827
0.3 0.0504 0.4995 0.5266 0.7257
0.4 0.0779 0.5488 0.4603 0.6784
0.5 0.1105 0.5917 0.3978 0.6307
0.6 0 . 1478 0 . 6 2 8 4  0.3372 0 .5807
0.7 0.1894 0.6593 0.2817 0.5308
0.8 0.2346 0.6848 0.2269 0.4764
0.9 0.2829 0.7039 0.1491 0.3862
1.0 0.3333 0.7138 0.0516 0.2272

r = 1 . 0 0 0 0 0

_ _  _ _ _ _ _  _ _  

i

i- - -- •~~~~~ — - __
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Table 9. Convergence history , Example 11.5.

Nc Ng Nr N P Q I

0 0 0 0 0.llE+Ol
- -  1 0 5 5 0.l3E—l4 0.2lE—01 1.83056

2 1 2 8 ~=O 0.52E—l4 0.37E—02 1.82421
3 1 2 11 y~ O O. 18E— 15 0 .2 0 E — 0 2  1.82301
4 1 2 14 y#0 0.72E—l5 0.llE—02 1.82249
5 1 1 16 y#O 0.llE—08 0.27E—03 1.82230
6 1 1 18 y~ 0 0.8lE—ll 0.7lE—04 1.82226

Table 10. Converged solution , Example 11.5.

a

t xl x 2 U
1 

U
2

0.0 0.0034 0.0034 0.4978 0.4978
0.1 0.0936 —0.0436 0.4887 0.4797
0.2 0.1805 —0.0967 0.4631 0.4264

— 0.3 0.2614 —0.1609 0,4225 0.3319
V 0.4 0.3338 —0.2396 0.3703 0.1601

0.5 0.4020 —0.3298 0.4025 —0.0193
0.6 0.4824 —0.4209 0.4824 0.0013

k r 0.7 0.5788 —0.5120 0.5788 —0.0015

L 0.8 0.6945 —0.6031 0.6945 0.0027
0.9 0.8334 —0.6942 0.8334 —0.0029
1.0 1.0000 —0.7853 1.0000 —0.0016

I 1.82226

~~ —~~~~ •-~~~~--~~~ ~~~~~~~~~~ ——--.-~~~ ---• - -~~~ ~~~~~
- - —-

~~~
--.-‘—— ~~ 
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I
Table 11. Convergence history , Example 11.6.

Nc Ng Nr N P Q I I
0 0 0 0 O .3 1E— Ol
1 0 3 3 0.28E—09 O .65E—Ol 0.31197
2 1 2 6 y=O 0.l4E—l5 O.17E—02 0.28910
3 1 1 8 y~ 0 0.44E—lO 0.27E—03 0.28781
4 1 1 10 y#0 O.52E—l2 0.19E—04 0.28762

I-I

Table 12. Converged solution , Example 11.6.

t x l x2 U
1 

U
2 -

• 0.0 0.0000 0.4133 0.9597 0.9796 
-

0.1 0.0210 0.4990 0.7660 0.8752
0.2 0.0496 0.5686 0.6354 0.7971
0.3 0.0855 0.6275 0.5471 0.7396
0.4 0.1283 0.6787 0.4789 0.6920 -

0.5 0.1775 0.7235 0.4174 0.6460
0.6 0.2328 0.7623 0.3576 0.5980
0.7 0.2935 0.7950 0.2974 0.5454
0.8 0.3,90 0.8216 0.2315 0.4812
0.9 0.4~ 82 0.8409 0.1525 0.3906
1.0 0.5000 0.8518 0.0677 0.2602

_ _ _  __----_  _ _  ---
~~~~~
-

~~~~~
-- - -—---

~~~~~~~~~
-
~~

- - - -  I

= 1.00000 , 11
1 

= 0.19278

II
U

L. - - ~~~~ . .. — ~~~ . • .~~~~~~ ~~~~~~~~~~~~~~ - - ______
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Table 13. Convergence history , Example 11.7.

N
~ 

N g Nr N P Q I

0 0 0 0 0.33E+00
- 1 0 3 3 0 .52E— 14 0 .40E+O1 2.57561

2 1 2 6 ‘, -= 0 O . 3 2 E — l l  0. 11E—01 1.82401
1 1 8 ~~ 0 0 . 2 5 E — 0 9  0 . 2 0 E — 0 l  1.81492

• 4 1 1 10 ‘y~~O O . l 8 E — 0 9  0 . 18E—02 1.80922
- 

5 1 1 12 y#0 O.llE—ll 0.22E—02 1.80803
6 1 1 14 y~ 0 O.3lE—12 0.40E—03 1.80736
7 1 1 16 y~ O 0.37E—13 0.74E—03 1.80704
8 1 1 18 y~ 0 0.35E—13 0.1SE—03 1.80678
9 1 1 20 y~ 0 0.15E—l4 0.32E—03 1.80667
10 1 1 22 ~~0 O.14E—13 0.98E—04 1.80650

I

Table 14. Converged solution , Example 11.7.

- • 
t x l x 2 U

1 
U

2

- 0.0  0.8139 0.1180 0.0102 — 1 . 4 7 2 4
0.1 0 .8901 0.0124 0.0056 — 0 . 5 3 4 2

a 0.2 0.9600 —0.0063 0.3219 0,0235
0.3 1.0100 0.0000 0.6201 0.0633
0.4 1.0400 0.0033 0.8816 0.0012

1. 0.5 1.0500 — 0 . 0 0 0 1  1.1024 — 0 . 0 7 2 5
0.6 1.0400 —0.0085 1.2808 —0.0525
0.7 1.0101 0.0108 1.4068 0.6212
0.8 0.9779 0.1340 1.1179 1.6351
0.9 0.9747 0.2910 0.8558 1.5361
1.0 1.0000 0.4472 0.6327 1.5286

T 1.00000

¶ 1  

-

* -

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~
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Table 15. Convergence history , Example 11.8. —

N~ 
Ng Nr N P Q I

0 0 0 0 0 .23E +Ol
1 0 3 3 0.49E—09 0.52E—Ol 1.27196
2 1 1 5 ‘~=0 0.86E—09 0.27E—Ol 1.25174 • f
3 1 1 7 y~ 0 0.83E—09 0.lOE—Ol 1.24337 t

4 1 1 9 y~ 0 0.54E—lO 0.45E—02 1.23945
5 1 1 11 y~ 0 0.85E—ll 0.32E—02 1.23734
6 1 1 13 y~ 0 0.40E—ll 0.22E—02 1.23589 • -
7 1 1 15 y�0 0.l3E—ll 0.13E—02 1.23492
8 1 1 17 y~ 0 0.22E—12 0.79E—03 1.23435
9 1 1 19 y~ 0 0.3lE—l3 0.43E—03 1.23403
10 1 1 21 y~ 0 0.33E—l4 0.2lE—03 1.23385
11 1 1 23 y~ 0 0.24E—15 0.96E—04 1.23377

Table 16. Converged solution, Example 11.8.

t x l x 2 x 3 x4 U
1 

U
2

0.0 0.0000 —0.0122 0.9981 —0.9963 0.9955 —0.9944
0.1 0.1557 0.2968 0.8300 —1.1396 0.9715 —0.8354
0.2 0.3076 0.5758 0.6416 —1.2548 0.9557 —0.6208
0.3 0.4516 0.7978 0.4376 —1 .3403 0.8747 —0.4941
0.4 0.5850 0.9417 0.2221 —1.3953 0.8130 —0.2003
0.5 0.7044 0.9927 0.0014 —1.4094 0.7050 0.0059
0.6 0.8062 0.9464 —0.2191 —1.3944 0.5899 0.1908
0.7 0.8890 0.8070 —0.4350 —1.3478 0.4611 0.4060
0.8 0.9502 0.5873 —0.6407 —1.2664 0.3157 0.6301
0.9 0.9876 0.3090 —0.8310 —1.1507 0.1589 0.8379
1.0 1.0000 0.0000 —1.0007 —1.0047 —0.0015 1.0148

r = ii/2 = 1.57079

I L  -
~

~~~~~~ ~~~~~ -_ -
~~~~~~~~~~
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Table 17. Convergence history , Example 11.9.

Nc Ng Nr N P Q I

0 0 0 0 0 .23E+Ol
1 0 4 4 0 . 16E—l3 0. 22E— O l 1 .24364

- 2 1 1 6 ~=0 0 . 2 4 E — l 0  0 . SSE—02 1.23682
SI 3 1 1 8 y~ 0 0 .2 0 E — l l  0 . 13E— 02 1.23518

4 1 1 10 ~~ 0 O . 2 8 E — l 3  0 .54E— 0 3 1.23465
5 1 1 12 ~~0 0.20E—14 0.37E—03 1.23438
6 1 1 14 ~~0 0.55E—15 0.28E—03 1.23419
7 1 1 16 ~~ 0 O.6 1E—l5 0 . 2 0E — 0 3  1.23403

-- 8 1 1 18 ~~ê0 0 .93E—1 5 0 . 12E—03 1.23394
9 1 1 20 ‘,~~0 0.44E—l5 0.72E—04 1.23388

L
Table 18. Converged solution , Example 11.9.

I i .

- - 
t x1 x2 x3 x4 U

1 
U 7

I 0.0 0.0000 0.0422 1.0522 —1 .0213 1.0068 —0.9914
0.1 0.1578 0.3511 0.8802 —1.1643 1.0051 —0.8188
0.2 0.3122 0.6292 0.6879 —1.2786 0.9674 —0.6198
0.3 0.4579 0.8486 0.4800 —1.3652 0.9013 —0.4433
0.4 0.5940 0.9872 0.2613 —1 .4117 0.8199 —0.1709

ma 0.5 0.7142 1.C306 0.0382 —1.4239 0.7099 0.0156
0.6 0.8166 0.9746 —0.1843 —1.4045 0.5904 0.2399

1 0.7 0.8985 0.8243 —0.4010 —1.3469 0.4496 0.4938
0.8 0.9570 0.5949 —0.6054 —1.2504 0.2931 0.7286
0.9 0.9906 0.3106 —0 .7921 —1.1208 0.1347 0.9115
1.0 1.0000 0.0000 —0.9563 —0.9674 —0.0124 1.0307

I 
t ii/2 1.57079

ti 
_ _

______ -
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Table 19. Convergence history , Example 11.10.

II
N
~ 

Ng Nr N P Q I

0 0 0 0 0.23E+01
1 0 4 4 0 .2 1E— 15 0. 24E—0 1 1.24401
2 1 1 6 y=O 0.29E—10 0.60E—02 1.23670
3 1 1 8 y~ 0 0.25E—ll 0.15E—02 1.23495
4 1 1 10 y~ 0 0.35E—13 0.60E—03 1.23438
5 1 1 12 y~ 0 0.26E— 14 0.40E—03 1.23408
6 1 1 14 y~ 0 0.54E—15 0.24E—03 1.23389
7 1 1 16 y~ 0 0.55E—16 0.12E—03 1.23378
8 1 1 18 y~ 0 0.26E—l7 0.48E—04 1.23374

I I -

Table 20. Converged solution , Example 11.10.

t x1 x2 x3 x4 u1 u2

— I
0.0 0.0000 —0.0008 1.0004 —0.9995 1.0016 —0.9987 -

0.1 0.1563 0.3081 0.8317 —1.1434 0.9848 —0.8312 -
0.2 0.3087 0,5870 0.6426 —1 .2594 0.9432 —0.6553 -

0.3 0.4534 0.8085 0.4374 —1.3456 0.9002 —0.4064
0.4 0.5878 0.9506 0.2221 —1.3909 0.8044 —0.1941
0.5 0.7061 0.9999 0.0018 —1.4090 0.7028 —0.0310 j
0.6 0.8081 0.9520 —0 .2189 —1.3979 0.5922 0.1808 —

0.7 0.8910 0.8104 —0.4353 —1 .3506 0.4601 0.4227 •- ~

0.8 0.9517 0.5887 —0 .6413 —1.2655 0.3100 0.6568 
~1

0.9 0.9880 0.3092 —0.8311 —1.1462 0.1527 0.8544
1.0 1.0000 0.0000 —1.0000 —0.9999 0.0007 0.9970

T 1T/2 1.57079

I
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Table 21 . Convergence history, Example 11.11.

- • 

Nc Ng Nr N P Q I

0 0 0 0 0.llE+Ol
1 0 4 4 0.28E—13 0.1OE+O0 1.61985
2 1 2 7 y=0 0.39E—12 0.14E—01 1.58737
3 1 2 10 y~ 0 0.99E—16 0.14E—02 1.58313

• - 4 1 1 12 y~ 0 0.19E—08 0.26E 03 1.58236
5 1 1 14 y#0 0.1OE—09 0.64E—04 1.58221

L

( I

II
Sm

- Table 22. Converged solution, Example 11.11.

F 
t xl x

2 
U

1 
U

2

0.0 —0.0928 —0.3047 0.8187 0.8134
0.1 0.0372 — 0.2771 0,8228 0.8219
0.2 0.1664 —0.2526 0,8066 0,7893
0.3 0.2914 0e2414 0.7704 0.7131
0.4 0.4092 —0.2526 0.7144 0.5856
0.5 0.5165 —0.2930 0.6402 0.3781
0.6 0.6141 —0.3627 0.6184 0.0732

1 0.7 0.7194 —0.4417 0.7195 —0.0104 3
1. 0.8 0.8428 —0 .5208 0.8428 0.0051

0.9 0.9872 —0.5999 0.9873 —0.0034
1.0 1.1565 —0.6790 1.1565 —0.0087

I ~~~~i
1 582

~ ’

I

:1
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Table 23. Convergence history , Example 11.12.

N
~ 

Ng Nr N P Q I

0 0 0 0 0 .22E+02
1 0 4 4 0.17E—08 0.46E+00 3.32348
2 1 2 7 y=0 0.67E—].3 0.55E—Ol 3.05708
3 1 2 10 yy~O 0.96E—16 Q.15E—01 3.01500
4 1 1 12 y=0 0.11E—16 0.25E—02 3.00374
5 1 1 14 y=0 0.20E—l7 0.l3E—02 3.00161
6 1 1 16 y=0 0.17E—16 0.51E—03 3.00073
7 1 1 18 y=0 0.81E—19 0.27E—03 3.00034
8 1 0 19 y=0 0.6lE—08 0.llE—03 3.00016
9 1 0 20 y=0 0.63E—08 0.60E—04 3.00007 . .

Table 24. Converged solution, Example 11.12.

t x1 x2 x3 x4 U
1 

U
2

0.0 0.5018 0.4981 0.5645 —1 .0351 —3.0237 0.7798
0.1 0.5370 0.2121 0.4651 —0 .9487 —2 .7051 0.9725
0.2 0.5452 —0.0432 0.3756 —0.8348 —2 .4024 1.3420
0.3 0.5294 —0.2684 0.2998 —0.6704 —2.1021 2.0061
0.4 0.4925 —0.4637 0.2443 —0.4231 —1.8023 2.9551
0.5 0.4377 —0.6282 0.2179 —0.0969 —1.4856 3.3646
0.6 0.3679 — 0.7613 0.2240 0.2027 —1.1815 2.4533
0.7 0.2864 —0.8650 0.2543 0.3824 —0.8926 1.1796 ‘1
0.8 0.1959 —0.9396 0.2968 0.4533 —0.5988 0.3164
0.9 0.0994 —0.9847 0.3428 0.4582 —0.3017 —0.1722
1.0 0.0000 —1.0000 0.3872 0.4253 —0.0033 —0.4628

I 
_______________________ 

4
p 

_ _ _ _ _ _ _ _ _ _ _ _ _
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12. Discussion

The examples presented in Section 11 were solved with

both the sequential conjugate gradient—restoration algorithm

(SCGRA ) of this  report and the sequential ordinary gradient-

restoration algorithm (S0GRA ) of Ref. 5. This was done in

order to gain perspective on the relative merit of SCGRA

~‘is-a-vis SOGRA .

- 
The comparative results17 are presented in Tables 25-27 ,

where the number of iterations N required to achieve different

- tolerance levels for the error in the optimality conditions Q

t •  is g iven for  a fixed tolerance level of the constraint error

P~~E-08. Also shown in the tables are the values obtained

for the objective functional I.

Cumulat ive  results  for the twelve example~ investigated

are given in Table 28. He re , the total number of iterations

for  convergence ) N  is presented as a function of the tolerance

r level chosen for the error in the opt imali ty  conditions Q, for

a fixed tolerance level in the constraint error P~~ E—08. In

- -  
this comparat ive  study , tolera nce levels in the ranqe Q — E—02

to Q<E— 04 were chosen for the error in the optimality conditions.

1

f In Tables 25—27 , the symbol LQ stands for a linear—quadratic
i’rot~1em , and the symbol NLQ stands for a nonlinear and/or
n n.iuadrat ic problem.

i Ii
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From Tables 25-28, it appears that there is no saving

in number of iterations for Q -< E-02. The saving is 4%

for Q-< E-03 and 11% for Q-< E—04. Clearly, the relative

advantage of SCGRA with respect to SOGRA increases by imposing

a tighter tolerance level on the error in the optimality con-

ditions.

It must be noted that the experiments performed show

that the computer time per iteration is roughly the same for

SCGRA and SOGRA. Therefore, the conclusions pertaining to

savings in number of iterations also apply to savings in corn-

puter time.

- —~—••~~~~~—-.—- --• --  1~ - - -
~~~~- ~~~~~~
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Table 25. Results for P<E— 08 and Q<E— 02 .

SCGRA SOGRA
Example Type

N I N I

11.1 LQ 2 1.18165 2 1.18165
11.2 LQ 2 1.48434 2 1.48434

-- 11.3 NLQ 8 1.65745 8 1.65742
11.4 NLQ 3 0.16924 3 0.16924
11.5 NLQ 8 1.82421 8 1.82421

• 11.6 NLQ 6 0.28910 6 0.28910
11.7 NLQ 10 1.80922 10 1.81240

1. 11.8 NLQ 9 1.23945 7 1.24498
11.9 NLQ 6 1.23682 6 1.23682

- 11.10 NLQ 6 1.23670 6 1.23670
11.11 NLQ 10 1.58313 9 1.58381
11.12 NLQ l~ 3.00374 11 3.00785

Table 26. Results for P<E-08 and Q<E-03.

a.

SCGRA SOGRA
Example Type 

N N I

11.1 LQ 3 1.18040 3 1.18041
— 11.2 LQ 3 1.48042 3 1.48045

11.3 NLQ 8 1.65745 8 1.65742
& 1 11.4 NLQ 5 0.16816 5 0. 16818
~ 1. 11.5 NLQ 16 1.82230 12 1.82276

11.6 NLQ 8 0.28781 8 0.28774
11.7 NLQ 14 1.80736 18 1.80797

- L 11.8 NLQ 17 1.23435 19 1.23613
11.9 NLQ 10 1.23465 10 1.23492
11.10 NLQ 10 1.23438 11 1.23439
11.11 NLQ 12 1.58236 13 1.58242
11.12 NLQ 16 3.00073 17 3.00075

I
- 

- 
- --~l 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 27. Results for P < E — 0 8  and Q < E — 0 4 .

SCGRA SOGRAExample Type - - -—

N I N I

11.1 LQ 3 1.18040 3 1.18041
11.2 LQ 3 1.48042 3 1.48045
11.3 NLQ 14 1.65641 12 1.65678
11.4 NLQ 7 0.16809 7 0.16810
11.5 NLQ 18 1.82226 20 1.82224
11.6 NLQ 10 0.28762 10 0.28764
11.7 NLQ 22 1.80650 26 1.80654
11.8 NLQ 23 1.23377 35 1.23400
11.9 NLQ 20 1.23388 20 1.23411
11.10 NLQ 18 1.23374 20 1.23384
11.11 NLQ 14 1.58221 16 1.58217
11.12 NLQ 20 3.00007 21 3.00007

Table 28. Cumulative number of i terations
for convergence , PsE— 08.

Q SCGRA SOGRA I -~

ZN
—
~~

— - I

Q<E—02 82 78 F 4

Q<E— 03 122 127

Q<E— 04 172 193

H_ 
- 

_ _  

_ _
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1~ 
13. Conclusions

S In this report , a new member of the family  of sequential

gradient-restoration al gorithms for the solution of optimal

control problems is presented . This is an al gorithm of the

conjugate gradient type and solves the problem represented by

J 
Eqs. (1)—(6): Minimize a functional subject to differential

constraints , nondi f f e r e ntial constrain ts, and general boundary

I conditions .

The al gori thm presented here differs from those of Refs.

3—4 , in that it is not required that the state vector be given

at the ini t ial  point.  Instead , the init ial  conditions can be

absolutely general. In analogy with Refs. 3-4, the present

algorithm is capable of handling general final conditions;

therefore , it is suitable for the solution of optimal control

problems with general boundary conditions .

The importance of the present algorithm lies in that many

I optimal control problems either arise natura l ly  in the present

I forma t or can be brought to such a forma t by means of suitable

t ransformations (see Ref .  2 ) .  Therefore , a great variety of

I optimal control problems can be handled , as it is shown by the

numerical examples presented .

Twelve numerical  examples are presented to il lus t ra te  the

I performance of the algorithm . The numerical results show the

feasibility as well as the convergence charac teristics of the

-- s--—— ~~~~~
•
_ -~ _~~~~-~~~~~~~~~~~~~~~~~~~~~~~~~~~ . -~~~~~~ --~~~~~~ -•—_ .~~ - - -  - - -—-—_
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algorithm. A comparative analysis of the sequential conjugate

gradient-restoration algorithm and the sequential ordinary

gradient-restoration algorithm shows that the relative advan-

tage of SCGRA with respect to SOGRA increases by imposing a

tighter tolerance level on the error in the optirnality condi-

tions.

In summary, the new member of the family of sequential

gradient—restoration algorithms described here has the follow-

ing properties : ( i )  it retains the robustness , r e l i ab i l i ty,

I and convergence characteristics of the algorithms discussed in

Refs. 3—4 ; (ii) it is able to handle all of the optimal con-

trol problems treated in Ref s. 3—4 ; and (iii) it has the ad—

ditional capability of handling optimal control problems with

general boundary conditions.

I

- ~~~~~~~~~~~ 
~~~~~~~~~~~~~~~ 
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